It is shown that the set of 4-period orbits in outer billiard in the Euclidean plane with piecewise smooth convex boundary has an empty interior, provided that no four corners of the boundary form a parallelogram.
boundaries, see Section 3.5) . We also hope that this study will help to resolve related problem for the classical billiard. In addition, we have been motivated by a recent article by Genin and Tabachnikov [6] which (among other results) contains a proof that the set of 3-period orbits in outer billiard has an empty interior.
In this paper, we study the set of 4-period orbits in outer billiards. Our main result is contained in the following. This theorem follows from Theorem 2.3 on the exterior differential system associated with the outer billiard. We recall that in the EDS approach, instead of asking which outer billiard boundaries possess open sets of periodic orbits, one studies which 2-parameter families of quadrilaterals can (or cannot) be orbits in an outer billiard.
More precisely, we search for 2-dimensional disks of quadrilaterals in the space of all quadrilaterals. These 2-dimensional disks must satisfy certain differential relations.
In the next section, we "translate" the problem in the language of exterior differential systems. This EDS corresponds to the Birkhoff distribution in the case of classical billiard [1, 2] and to the dual Birkhoff distribution in case of outer billiard [14] . Then we find the solutions of that EDS under some nondegeneracy conditions. As it turns out, for each nondegenerate quadrilateral, there exists only one EDS solution, which corresponds to a 2-parameter family of 4-period orbits in an outer billiard. We verify that there are no other solutions by proving that Frobenius-type integrability condition does not hold. In this last step, we employ symbolic calculation to factorize the obtained polynomial.
EDS associated with outer billiard
Since the set of initial conditions for which the billiard map is not well defined has zero measure, we restrict ourselves to the complementary subset where the map is well defined. Below, we always assume that the outer billiard map is well defined.
We start with the proposition which establishes relation between open sets of nperiodic orbits and integral submanifolds in an associated exterior differential system (see [1, 2] or [10] for a related statement for the classical billiard). Then there exists a 2-dimensional disk in the space of n-gons M 2 ⊂ R 2n such that
where i ∈ Z/nZ and
The following nondegeneracy conditions hold: all points are different,
3)
and no three consecutive points belong to the same line,
The area form dx i ∧ dy i = 0 on M 2 for all i.
Remark 2.2. In the EDS theory, the manifolds satisfying a set of differential relations and some nondegeracy conditions are called integral manifolds. We will therefore refer to M 2
as an integral manifold of the outer billiard EDS introduced in the above proposition.
Proof. Let M 2 be the set of periodic orbits in R 2n , the space of n-gons. Any one-parameter family of periodic orbits z i (t) = (x i (t), y i (t)) ∈ M 2 , where z i ∈ R 2 and i ∈ Z/nZ, must satisfy the tangency condition (middle point of any segment cannot move in the normal direction to the segment)
5)
where λ ∈ R. This relation implies that θ i must vanish.
In a sufficiently small neighborhood of each tangency point, the boundary is either smooth and convex or it has a corner, therefore M 2 is an embedding of Q in R 2n , the space of n-gons. Since Q is an open set, then dx 1 ∧ dy 1 = 0. Verification of nondegeneracy conditions is straightforward.
By this proposition, it remains to find all two-dimensional integral submanifolds in the exterior differential system generated by θ i and satisfying the above nondegeneracy conditions. We will refer to such integral manifolds as nondegenerate.
The next theorem gives the local description of the two-dimensional integral manifolds in the outer billiard EDS. given by the quadrilaterals whose middle points coincide with those of the original quadrilateral.
3 Proof of Theorem 2.3
New coframe
Supplementing θ i with ω i ,
It is easy to check that these 2n forms are linearly independent on an open dense subset of R 2n :
. . , n} using the following identities which can be directly verified:
Note that the determinant of the above linear system
does not vanish by the nondegeneracy conditions (consecutive points do not belong to the same line).
This determinant Δ i,i+1 has a clear geometric meaning. It is the double area of the triangle with the vertices (x i , y i ), (x i+1 , y i+1 ), and (x i+2 , y i+2 ) (assuming the vertices are enumerated counterclockwisely). The total area of the n-gon is an integral for the system [6] . Indeed, adding the forms, we obtain
4)
where the sum on the right-hand side is the total area of the n-gon. Therefore, for the quadrilateral (n = 4), we have
where S is the area of the quadrilateral.
Solving (3.2), we obtain
In the last system and below, all relations are modulo the differential ideal generated by θ i .
Exterior derivatives of the new coframe
On the hypothetical integral manifold M 2 , the differentials dθ i must also vanish. Direct calculations show that
These identities are related to the area-conservation property of the outer billiard map.
Another calculation gives the relation between some exterior products of the basis elements in the old and new coframes (by taking the exterior product of (3.6))
From (3.7) and (3.8), we obtain that on M 2 , the following relations hold:
for all i. Now, we compute differentials of ω i :
10)
Periodic Orbits in Outer Billiard 7 where we use the notation Δ i := Δ i,i+1 . Using (3.9), we conclude that
for any i, j ∈ Z/4Z.
The case of 3-period orbits
Here we reproduce a result from [6] using EDS. In this case, Δ i,i+1 is the double area enclosed by the triangular periodic orbit. Then the above relations simplify
12)
where i ∈ Z/3Z, j ∈ Z/3Z are arbitrary.
Since ω 1 ∧ ω 2 = 0 on M 2 , then we must have a relation
Taking exterior product and using the above relations, we obtain
14)
and therefore
15)
contradicting the independence of ω 1 , ω 2 .
Integral elements
On M 2 , at most two 1-forms can be linearly independent. Let us assume that ω 1 ∧ ω 3 = 0.
The case when ω 1 ∧ω 3 = 0 will be considered separately. The remaining 1-forms are then linearly dependent on ω 1 , ω 3 :
Taking the exterior product of both equations with ω 2 , ω 4 and assuming that D = Δ 2 Δ 4 − Δ 1 Δ 3 = 0 (the case D = 0 will be also evaluated separately), we obtain
(3.17)
Using the relations in (3.9), we obtain from the first two equations
18)
and from the last two
Expressing all the coefficients in terms of b 3 and then using the notation v := −b 3 /Δ 4 , we find the relations 20 )
21)
where v is a function defined on M 2 .
Taking the exterior product of the above two equations, we obtain the relation
To compute dv, we need first to evaluate dΔ i . Using the definition of Δ i , the relations between the new and old coframes, and applying the following property:
23)
we obtain
24)
Using (3.20)-(3.21), we obtain ,
26)
and substituting these expressions in (3.25), we obtain
(3.27)
We can also express ω 2 , ω 4 through dΔ 1 , dΔ 2 by inverting the above equations:
(3.28)
Special solutions
There exist outer billiards in which 4-period orbits constitute a set of positive measure [15] . More precisely, the following statement holds. Proof. By the well-known property of the triangle: midsegment between two sides is parallel to the third side, we observe that midpoints ζ 1 , . . . , ζ 4 form a parallelogram. Then, z 1 , . . . , z 4 is a 4-period orbit in the outer billiard with this boundary. It remains to show that if z is sufficiently close to z 1 , then z is a footpoint of a 4-period orbit. This follows easily from the same midsegment theorem assuming that we take small enough neighborhood so that its images do not intersect any of the lines containing the parallelogram sides.
Therefore, each nondegenerate quadrilateral belongs to a two-dimensional integral submanifold (actually it is a linear integral subspace) in the exterior differential system. Consider the following specific example: let the outer billiard be given by a unit square with vertices in (0, 0), (0, 1), (1, 0), (1, 1). Let z 1 − (1/2, −i/2) be small. Then, the other vertices of periodic orbits are given by
Solving this linear system, we obtain
(3.30)
Using (3.1) and the definition of Δ i , it is easy to compute has 2 additional 1-forms which must vanish and which are linearly independent:
(3.33)
But then, by the standard ODE argument, there is at most one solution.
Computation of du
Knowing the special solution, it is now convenient to change the parameter
34)
so that the special solution corresponds to u ≡ 1. Taking exterior derivative of (3.20) with v replaced by u/(Δ 2 − Δ 3 ),
35)
we obtain (using dΔ 1 = −dΔ 3 and dω i = dω j )
(3.36) Now, using (3.11) and (3.27), we obtain
(3.37)
The last expression can be further simplified,
38)
where we used
(3.39)
To derive similar relation for du ∧ ω 4 , we add up, (3.20)-(3.21)
Taking exterior derivative, we obtain
42)
which implies that
and after multiplying with uD,
Subtracting (3.38) from the last expression, we obtain
with (3.38) rewritten in a similar form:
Substituting (3.28) in the last expression, we obtain
48)
where
Taking the exterior derivative of (3.48), we obtain
50)
where ∂ i := ∂/∂Δ i .
Next, we use the expression for du, to replace ∂ i u by (1 − u)(a i u + b i )/8S:
Using Maple and then some simplifications, we compute In other words, u − 1 can be factored out again making the calculations much easier. In general, one might expect this expression to be of the form f(Δ 1 , Δ 2 )u + g(Δ 1 , Δ 2 ) = 0.
Then we would have to take the exterior derivative once more and then check solvability condition of this new system.
Degenerate cases
:
Lemma 3.3. One has the following:
Proof.
Since ω 1 ∧ ω 2 = 0, we can represent integral elements by
54)
and then
(3.55)
Using the relations (3.9), we then obtain
Therefore, we have
Similarly, we obtain for b 2 that
58)
which with (3.9) implies that
Then, using (3.9) once more, we have
Now, using both equations for b 2 , we obtain
On the other hand, D = 0 implies that
Therefore, in some neighborhood of M 2 , either Δ 1 = Δ 2 or Δ 1 = Δ 4 .
Suppose first that ω 2 ∧ ω 4 = 0, then ω 1 ∧ ω 3 = ω 2 ∧ ω 4 = 0.
(3.64)
Taking exterior products of (3.54) with ω i and using (3.9), we obtain
(3.65)
However, either Δ 1 = Δ 2 or Δ 1 = Δ 4 . In the first case, we obtain
66)
but this contradicts (3.11) . Similarly, in the second case (Δ 1 = Δ 4 ), we obtain dω 4 = −dω 2 also leading to contradiction. Now, we are left to consider the case ω 2 ∧ ω 4 = 0. By relabeling, this case is equivalent to the case considered in the next section D = 0, ω 2 ∧ ω 4 = 0, ω 1 ∧ ω 3 = 0.
3.8 D = 0, ω 1 ∧ ω 3 = 0
In this case, we can use representation of integral elements (3.20)-(3.21) and then we also have ω 2 ∧ ω 4 = 0. Using (3.63), we also have that Δ 1 = Δ 2 or Δ 1 = Δ 4 . Assume first that cally ω 2 = ω 4 = 0 implying that ω 1 ∧ω 2 = 0, which contradicts the genericity assumption.
In the second scenario Δ 1 = Δ 4 , similar calculations lead to the same contradiction.
